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CN Abstract 

Q, We identify the leading order term of the asymptotic expansion of the Witten-Reshetikhin- 

.^ Turaev invariants for finite order mapping tori with classical invariants for all simple and simply- 

connected compact Lie groups. The square root of the Reidemeister torsion is used as a density on 
the moduli space of flat connections and the leading order term is identified with the integral over 
this moduli space of this density weighted by a certain phase for each component of the moduli 
space. We also identify this phase in terms of classical invariants such as Chern-Simons invari- 
ants, eta invariants, spectral flow and the rho invariant. As a result, we show agreement with the 
{^ semiclassical approximation as predicted by the method of stationary phase. 

■i— > 

1 Introduction 

The Witten-Reshetikhin-Turaev quantum invariants were first proposed by Witten in his seminal paper 
ll75l . where he studied the Chern-Simons quantum field theory for a simple, simply connected compact 
Lie group G. He did so using path integral techniques, which let him to propose a combinatorial surgery 
formula for the invariants. 

Shortly thereafter Reshetikhin and Turaev gave a rigorous construction of these quantum invariants 

using the representation theory of quantum groups. In fact, they subsequently constructed the whole 

topological quantum field theory (TQFT) Z { £> in gj] IS3 |72l for G = SU(2). The other classical 

,__! groups were treated in j69l|7T||. The TQFT for G = SU(2) were also constructed using skein theory 

by Blanchet, Habegger, Masbaum and Vogel in E3l 1241 . Since then these constructions have been 

J> extended to other Lie groups G through the effort of many people. For a complete list we refer to the 

ITl references in f72l . 

Witten also analyzed the Chern-Simons path integral from a perturbative point of view. The iden- 



tification of the leading order asymptotics of the invariants in terms of classical topological invariants 
in the case of an isolated, irreducible fiat connection, was proposed by Witten in [75]. There has been 
subsequent proposals for refinements and generalizations to this, for example by Freed and Gompf [36, 
Equation (1.3)] and by Jeffrey [49, Equation (5.1)], partially supported by computations of the quan- 
tum invariants, as well as solely from path integral techniques Axelrod, Lawrence, Marino, Rozansky, 
Singer, Zagier [l7l[l8j|63j|65ll22lED. 

Both the perturbative expansion conjecture CD Conjecture 7.6] and the asymptotic expansion con- 
jecture [1 , Conjecture 7.7] address the asymptotic behavior of the quantum invariants which we expect 
from the perturbative point of view. The first conjecture attempts to give a detailed description of the 
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asymptotic expansion in terms of an integral of certain classical topological invariants over the moduli 
space of flat connections and Feynman diagrams, which come from stationary phase approximation and 
the perturbative expansion respectively. Let us refer to the part of this conjecture which is concerned 
with the leading order term as the the semiclassical approximation conjecture. Since the statement 
of the perturbative expansion conjecture requires some interpretation, the conjecture has been reduced 
to the mathematically precise asymptotic expansion conjecture [1, Conjecture 7.7]. This work is part 
of a series of papers analyzing the asymptotic behavior of the quantum invariants in the case of finite 
order mapping tori. While the first part [6] focuses solely on the asymptotic expansion conjecture, we 
establish the semiclassical approximation conjecture by starting from the results in [6]. 

The asymptotic expansion of the Witten-Reshetikhin-Turaev quantum invariants has been studied 
by a number of authors, and various results have been obtained for certain classes of closed three mani- 
folds E30S|ig|6l|l2l|5l|63|5ai42|43llH An overview can be found in 
the introduction of Q. Let us mention the ones, which take the extra step of expressing the terms in the 
asymptotic expansion of the quantum invariants geometrically. Freed and Gompf [36] considered lens 
spaces and certain Brieskorn spheres, and they used computer calculations to confirm the semiclassi- 
cal approximation conjecture. In a subsequent paper, Lisa Jeffrey [49] formally proved this conjecture 
for lens spaces as well as mapping tori of genus one surfaces with restrictions either on the choice of 
monodromy map or the structure group. A few missing details about the spectral flow contribution are 
formulated as [49, Conjecture 5.8], which has later been partially confirmed Il50ll46l . Garoufalidis did 
work similar to ||49l in his thesis ||40| . In particular, he found formulas for the quantum invariants for 
certain Seifert manifolds and rewrote them so it was obvious that they satisfy the asymptotic expan- 
sion conjecture. Rozansky [63] studied the asymptotic expansion of the SU(2) quantum invariants for 
Seifert manifolds with non-zero orbifold Euler characteristic. In particular, he confirms the perturbative 
expansion conjecture up to the 2-loop contributions. Rozansky [65 ] also studied general Seifert man- 
ifolds in the case SU(2) and expresses the contributions to the asymptotic expansion of the quantum 
invariants in terms of intersection pairings on the moduli space, but it is unclear to what extent his cal- 
culations are rigorous. Nevertheless, his formulas bear a formal resemblance to the ones in [6[. Beasley 
and Witten [22] considered the path integral formula for these quantum invariants for Seifert manifolds 
with non-zero orbifold Euler characteristic [22, Equation (3.20)]. Since they are working with path 
integrals, their work is per se not rigorous, however they provide path integral arguments for the fact 
that the perturbation expansion of these invariants are finite (modulo the framing correction term). For 
a mathematical proof of that result please consult the paper [6[. Recently, Charles and Marche B71I291 
proved the semiclassical approximation conjecture for Dehn fillings of torus knots and the figure eight 
knot for SU(2). 

In contrast, our results are for finite order mapping tori of surfaces of genus greater than one, which 
are Seifert manifolds with vanishing orbifold Euler characteristic. Therefore our family of mapping 
tori is disjoint from the families considered by Jeffrey and Rozansky. Furthermore, we would like to 
point out that their approach relies on explicit computations of the quantum invariants and the Poisson 
resummation trick, while we identify the emerging spectral invariants on a more conceptual level based 
on geometric quantization. Note that it has recently been confirmed in a series of papers ifTOl ITT1 [T3l 
[T2l . that the gauge theory construction of the quantum invariants for G = SU(«) coincides with the 
combinatorial or equivalently skein theory construction. 

Since we have explicit combinatorial expressions for the quantum invariants, it is sensible to extract 
the perturbation expansion from these exact formulas. To this end we need an ansatz for the kind of 
asymptotic expansion we can expect based on Witten's path integral formula for the invariants. This 
leads us to the asymptotic expansion conjecture [1, Conjecture 7.7], [6] and [8, Conjecture 1]. 



Conjecture 1.1 (Asymptotic expansion conjecture). Let X be a closed 3-manifold. There exist con- 
stants (depending on X) dj e ^Z and bj e Cfor j = 0, . . . ,n and a 1 , e Cfor j = 0,l,...,n, I = 1,2,... 



<*)/ 



such that the asymptotic expansion ofZ c (X) in the limit k — > oo is given by 



(1.1) 



Z ( g\X) ~ J] e lnikq 'k d >b } 1 + ^] ojjfc- 
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where qo - 0,qi,...,q n are finitely many different values of the Chern-Simons functional on the space 
of flat G— connections on X. 

Here ~ denotes asymptotic equivalence in the Poincare sense, which means the following: Let 

d - max{<io,- ■ . ,d n }. 

Then for any non-negative integer L, there is a cl € R such that 

L 



zf(X) - J] e lnikq >k d 'b j 1 + Yj a 'j k ~ 
7=0 
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/=() 
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for all levels k. Of course such a condition only puts limits on the large k behavior oiZ G (X). 

Through the previous definition we can make the following definition of the leading order term of 
the asymptotics. 

Definition 1.2. If Z G (X) satisfies Conjecture 1.1 then we write 



?(k) 



(X) ~ V e 2nikq >k d Jbj 



7=0 



rik)< 



and we call the sum on the right the leading order term of (the asymptotic expansion of) Z G \X). 

It is this leading order term for which there conjecturally is a classical topological expression. In 
fact, let M(X) be the moduli space flat G-connections on X and let us write the component decomposi- 
tion as 

M(X) - |J M(X) C . 

ceC x 
One expects that a square root of the Reidemeister torsion produces a measure on M(X) Il49ll63ll48ll55l . 
Combining results from (TTJ QjO |63j |6H |65l [161 EH |53l and the references therein we arrive at the 
following conjectured formula for the leading order term. 

Conjecture 1.3 (Semiclassical approximation conjecture). The leading order term ofZ Q (X) with re- 
spect to the Atiyah 2— framing [15] is given by 



(1.2) 



and 



^\x)~ y — 

G & z« 



mdimG(l+b , (X))/4 
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2mCS x (A)(k+h) 



? 2m(SF(e,A)/4H<iim(H (X,d A ))+dim(H 1 (X4 A y))/&)j c d c 



d c = - max (dim(H l (X, d A )) - dim(//°(Z, d A )j) , 

9 Ac\AIY\ V / 



2 AeM(X) c 

where max here means the maximum value dim(// 1 (X, dA)) — dim(H°(X, d A )) attained on a Zariski open 
subset of M(X) C . 



Note that the exact solution of the path integral depends on a framing of twice the tangent bundle as 
a Spin(6) bundle [75 , Equations (2.24) and (2.25)]. The dependence on the 2-framing explained in the 
skein theoretic definition in [24J and in more general setting of quantum invariants for general modular 
categories inTuraev's exposition f72l . See also the discussion on this point by Freed and Gompf in [36]. 

In Appendix [A] we review the heuristics by which the method of stationary phase applies to the 
Chern-Simons path integral and produces this conjecture. Note, that Appendix [A] contains the only 
non-rigorous part of this paper, which we decided to keep for motivational purposes. In the conjectured 



formula ( |1.2| > we see expressions for the constants bj and dj in terms of Reidemeister torsion, spectral 
flow and dimensions of twisted cohomology groups. 

In this paper we consider the Witten-Reshetikhin-Turaev quantum invariants of finite order mapping 
tori. Let S be a closed oriented surface. Then the mapping torus Zj of a diffeomorphism / : X — > L is 
defined to be 

E/ = 2 X//(x,l) -(/(*),()) 

with the orientation given by the product orientation with the standard orientation on the interval / = 
[0,1]. Let Wt(£) be the moduli space of flat G connections on L. This is a stratified symplectic space 
on which the mapping class group acts. We assume that / is of finite order, and denote by [M(E)| c 
M(Z) the fixed point set of f* . Denote by C an indexing set for the set of all connected components 
[|Wt(E)| c } c6 c of |At(S)|. There is a map r: M(Lf) — > [M(E)| given by restricting a flat connection on 
Zy to X x (0). We will write M(Lf) c = r~ l (\M(L)\ c )- Let the prime superscript denote the part which is 
irreducible in At(X): M(L)' c At(E) denotes the irreducible subset, while M(L f )' c = r-\\M(I.)\' c ). 

Choose a complex structure cr on E, which is fixed by /. Consider the moduli space Ma- of semi- 
stable G c bundles over Xo-. We identify Ma- and M(L) as stratified symplectic spaces, but Ma- has the 
additional structure of a normal projective variety. We write 



IMrl - |J \Mo 



ceC 



for the component decomposition of the fixed point set of /. Following the notation of [ 20] and ETl 
we denote the Grothendieck group of all equivariant coherent sheaves on Ma- by K^(Ma-) and the 



Grothendieck group of all coherent sheaves on |AV| C by K Q g (|A1 -| c ). Let 



L c .: K% i (M <T )^K* s (\M a .\ c )®C 
be the localizing homomorphism defined in ETl §2], and 

r.: < g (|Mrlc) -> H.QMo-lc) 

the homomorphism defined in the theorem on page 180 in |[20l . The Lefschetz-Riemann-Roch formula 
of Baum, Fulton, McPherson and Quart then states that 

tr(/: H°(Ma-,£ k ) -» H°(Ma-,£ k )) = ^ 4 ch(£ k \ lMalc ) n t.(L c .(O m J) 

ceC 

where a c is the complex number by which / acts on Xliyvy,.. For the convenience of the reader we 
review the Lefschetz-Riemann-Roch theorem for singular varieties in Appendix[B] From [35, Theorem 
2.19] we see that / acts on X[A] by multiplication with exp(2m CSs / (A)) and that CSs / (A) mod Z is 
constant for A € A1(E/) C . If we write exp(2m CS^ .(c)) = exp(2m'CSs / (A)) for A € A1(I/) C , we get 

a c = exp(2m'CSj; f (c)). 



Clearly 



ch(X fe ||Avi c ) = exp(to c ), 



where cd c is the the restriction of ci(X) to |Ato-| c . In summary, we get the following theorem of [6], 
which proves the asymptotic expansion conjecture for finite order mapping tori. 

Theorem 1.4 ([6, Theorem 8.2]). The Witten-Reshetikhin-Turaev invariants ofLf are given by 
(1.3) zJfCE/) = det(/)"^ ^ exp(27ri* CS Z/ (c)) exp(£ Wc ) n t.{L c .{0 M{Y) )), 

ceC 

where 

kdimG 

^ ' ~ k + h 

is the central charge of the theory, h is the dual Coxeter number ofG, det(/) 2 <• is the framing correction 
defined in Section |5] 

Note that the restriction of ci(X) to the smooth part of the moduli space Ma- can be represented by 
the Kahler form on Ma-- The evaluation of the top power of the class c\{£}) on t,{L c ,(Om(E))) is just 
the integration of this top form over the smooth part of |At(X)| c , when this component has the property 
that it has an open dense part of irreducibles. This follows from the lemma on page 129 of [ 19 ] and part 



(6) of the Riemann-Roch Theorem of [39] (see also Appendix B below). Starting with Theorem 1.4 
our main result is the following theorem, which applies to all finite order elements / of the mapping 
class group of S. 

Theorem 1.5. For each c € C such that M(£f)' c is nonempty we have 
r* det(/T^* C V c > i^expfe) n t.(L<.(0 M (Z)))) 

= 1^1 f e^ CS ^^e^ + 0( 1 -), 



(1.4) 

JAeM(L f Y c 
where p^(Zy) is the classical rho-invariant. 

In Section [8] we give a proof of a well-known formula relating the spectral flow, the p-invariant 
and the Chern-Simons invariant for an arbitrary Lie group G, since the only proof we have found in 



the literature is for SU(2) (see [51, Section 7]). The precise relation — stated in Theorem 8.1 — shows 



in particular, that Theorem 1.5 has an equivalent formulation in terms of spectral flow, which has the 



following theorem as an immediate consequence, once combined with Theorem 1.4 



Theorem 1.6. If M(L)' C is nonempty for every c € C, then the above conjecture for the leading order 
term is correct, i.e. 

(i.5) G f ^i z ( G )i J A .Mm^ f 

e 2m(SF(8,A)/4-(dim(H°(T. f ,d A ))+dim(H l (I. f ,dA)))/8)] ( d c 

and 

d c = \ max (dim(H\-L f ,d A ))-dim(H (X f ,d A ))), 
I AeM(Zf) c 

where max here means the maximum value dim(H i (Zf,dA)) — dim(H°(Lf, d A )) attained on a Zariski 
open subset ofM(2.f) c - 



Recall that M(Lf)' c consists of the irreducible representation whose restriction to X is irreducible. 



By Theorem |2.3| the hypothesis of Theorem |1.6| is satisfied in the case G = S\J(n) and g(Z/(f)) > 1. 
Note that unlike for lens spaces, the stationary phase approximation is in general not exact: for example, 
for / = Id lower order terms in the asymptotic expansion do not in general vanish, as one easily sees, 
since the Todd class of the moduli spaces are in general none trivial. 

This paper is organized as follows. Section [2] contains a preliminary discussion about the Chern- 
Simons functional and the moduli spaces of flat connections. In Section[3]we express the leading order 
term of the Witten-Reshetikhin-Turaev invariants for each c e C as certain integrals of differential 
geometric data. In Section [4] and [5] we review Reidemeister torsion and compute it for mapping tori. 
In Section [6] we review the p-invariant and an essential result for finite order mapping tori by Bohn 
ll25ll . Section [7] combines the main results from Sections [3] and [5] to identify the classical invariants in 
the leading order term of the Z G (X) in the limit k —> °o. Section 8 gives an equivalent formulation of 
this identification in Section[3]in terms of spectral flow. In Appendix|A]we present the heuristics which 
lead to the conjectured identification of the leading order term with classical topological invariants. In 
Appendix |B] we review the Lefschetz-Riemann-Roch theorem for singular varieties. 

The results of this paper relies on the results of [6], which were obtained by using the gauge theory 
approach to the Witten-Reshetikhin-Turaev TQFT. The first named author has obtained other results 
about this TQFT using the gauge theory approach, such as the asymptotic faithfulness of the quantum 
representations and the determination of the Nielsen-Thurston classification via these same rep- 
resentations [4] (see also [9]). He has further related these quantum representations to deformation 
quantization of moduli spaces both in the abelian and in the non-abelian case, please see O, (7] and 
Q. The second named author has answered some open questions by Jeffrey [49] about this TQFT for 
torus-bundles over S l by using cut-and-paste methods to perform spectral flow computations [46]. 

We would like to thank Henning Haahr Andersen, Hans Boden, Jens Carsten Jantzen, Johan Dupont, 
and Nicolai Reshetikhin for helpful discussions. 

2 The Chern-Simons invariant and moduli spaces of flat connections 

In this section we give some necessary definitions and make some remarks regarding normalizations 
before we consider the moduli space and recall its decomposition into connected components. 

Normalizations for the Chern-Simons functional and Poincare duality 

Let (■, •> be a multiple of the Killing form on the Lie Algebra q of a simple and simply-connected com- 
pact Lie group G normalized so that -1(6 A [9 A 9]) is a minimal integral generator of H 3 (G, R), where 
is the Maurer-Cartan form. A connection on a principal G-bundle P is a G-equivariant, horizontal 
Lie algebra valued 1-form on P. The group of gauge transformations Q consists of all bundle auto- 
morphism P — > P, which acts on connections by pull-back. Let X be an oriented, closed 3-manifold. 
Since G is simply-connected, every principal G-bundle over X is trivializable; therefore let us fix a 
trivialization to simplify notation, which allows us to identify the affine space of connections with Lie 
algebra valued 1-forms Jlx - Q l (X;g). Furthermore, the moduli space of flat G-connections on X, 
denoted by M(X), can be identified with the moduli space of flat connections in the trivial G-bundle. 
The Chern-Simons invariant is the map 3\x — * R given by 



(2.1) CS Z (A) = I (A A dA + -A A [A A A]). 

Ix 3 



-x< 



It is not difficult to see that — with our choice of normalization for the inner product on g — CSx factors 
through Q as an R/Z-valued map. It is also not difficult to see, that the map Q — > Z given byO h 
CS X (<D*A) - CSz(A) is onto. 

Let E be a closed oriented surface and consider the space of connections J?fc in a trivial principal 
G-bundle over £. The symplectic structure on jftx is naturally given by 



" 2 J> 



(2.2) co(a,b) = -2 \ (aAb). 

This gives a (stratified) symplectic structure on the moduli space A1(E) of flat G-connections on E. 

In order to view the square root of Reidemeister torsion as a density, we need to identify H 2 (Lf, cIa) 
with (H l (Zf,dA))* using Poincare duality, which depends on a choice of inner product on g. For g- 
valued differential forms a and b we set 



Ji.f 



PD(a)(b) = | 2(sA &>, 

which descends to the Poincare duality isomorphism H k (Lf,dA) — > (H 3 ~ k (Zf,dA)T- Note that the 
factor 2 might seem unnatural, but as we mention in Appendix |AJ there is a choice involved, and the 
correct choice is the one which satisfies PD(a)(b) = -a>(a, b). 

Connected components of M(Lf) and |At(S)| 

Recall that r: M(LfY c -> |A1(E)£ is a |Z(G)|-sheeted covering map (see (H Section 7]). We get a 
complete description of the leading order term of the Witten-Reshetikhin-Turaev invariants in terms of 
a sum of integrals over the components M(Lf)' c of Ai'(Lf), if every |Af(X)| c contains an irreducible 
representation. The connected components of A1(E) have been studied by Goldman BTTl . The compo- 
nents of the fixed point set |A1(E)| of / are analyzed in [6, Section 6]. In this section we will see, in 
which situations all yVt(Ey)'. are nonempty. 

For a chosen diffeomorphism /: E — > X of order m consider the projection n: E — > E to the 
quotient surface E := E/(/). E is an m-fold branched cover over E with branch points pi,... ,p„, for 
which 

n~\pi) = {pu f(pd, ..., f n --\pi)} with mi < m. 

Choose small disjoint closed discs D,- around each /?,-, i = l,...,n, such that f\Dj), j = 0, . . . ,m,, 
i = 0, . . . , n, are disjoint. Let E' be the complement of the interior of all these discs and E' := !,'/(/). 
The indexing set for the connected components of |A1'(E)| is shown in [6, Proposition 6.1] to be 

A := {(z,ci, . . . ,c n ) € Z(G) x CI" U e c';}/Z(G), 

where CI is the set of conjugacy classes of G and Z, := — . We have a surjective map A — > C if 
|A1(E)| = |Af(E)|. By H3 Proposition 6.3] this is the case for G = S\J(n). For c(6) := (c~ k \ . . .,c n k ") 
let M(E',c{5)) be the moduli space of flat G-connections on E' with holonomy around <9,E' in c.\ 
i = 1,. . ,,n. By (6l Theorem 6.1], a component |A1'(E)|,s can be described as the space M"(I.',c(6))/Zs, 
where A1"(E', c(6)) consists of the flat G-connections in Af(E', c(6)), which remain irreducible when 
pulled back via n. 

Proposition 2.1. Let G be a connected compact Lie group, E' a genus two surface with one boundary 
circle <9;E', and n: E' — > E' a covering map. Then A1"(E', c) is nonempty for every c e CI. 




Figure 1: Images of the representation p : 7ri(£') — > G 



Proof. Write 

7Ti(E') = (xi,yi,X2,y2>, 
then the moduli space At(X\ c), c € CI, consists of all conjugacy classes of p satisfying 

p([xi,yi][x2,y2\) e c. 



By Auerbach's Generation Theorem [47, Theorem 6.82], we have G = {g' v h' x ) for some g\,h' v Choose 
g\,h\ such that g™ = g' x and h" 1 = h\. By Goto's Commutator Theorem B71 Theorem 6.55], we find 
g2,Ii2 € G such that 

[guhi][g 2 ,h 2 ] ec. 
Consider the representation (see Figure [T]) determined on the generators by 

p: n\(JJ) -> G 

Xi H» gi 

y t h^ h t . 

Clearly, x™,y™ e im(7r: K\(Z') — > 7Ti(S')) and therefore gp/jj £ im(p). We claim thatp := 7r*p is 
irreducible, i.e. Stab^Cp) = Z(G). We automatically have Z(G) c StaboCp). Let g e Stabc(p). Then g 
is in particular in the centralizer Co({g\, h' x }) - CG((g[,h' 1 )). Therefore by continuity 



geC G ((g[,h[)) = C G (G) = Z(G). 
Therefore p is irreducible. □ 

A glance at Figure [T] gives the following. 

Corollary 2.2. Let £ := 2/(/) be a surface of genus greater than 1. Then M"(%' ', c(S)) is nonempty for 
all 8 e A. 

As mentioned above, A — > C is surjective for G = SU(n), so that together with the above corollary 
we get the following. 

Theorem 2.3. Ift,:= X/(/) is a surface of genus greater than 1 and G = S\J(N), then Ai(LfY c = 
r~ l (|At(S)lc) is nonempty for every c e C. 

We will see in the next section, that |At(£)£ being nonempty enables us to express the leading order 



term of the corresponding summand in the expression ( 1.3 ) as an integral over |A1(£)|',. Theorem 2.3 



therefore shows, in which cases we get an integral expression for the entire leading order term of the 
asymptotic expansion. 



3 The leading order term of the Witten-Reshetikhin-Turaev invariant 



Let us now identify the leading order term of the asymptotic expansion ( |1.3| > of the Witten-Reshetikhin- 
Turaev invariants of finite order mapping tori as an integral of differential geometric terms. 
We first consider the framing correction term as defined in [6, Equation (5)] 

detUT:=tr(/: ££ ;£r -> ££ >(r ), 

where / is a lift of / to the rigged mapping class group determined by the Atiyah 2-framing. The 
rigged mapping class group is a central extension of the mapping class group constructed by [73] and 
IT721 (see also |J6} Section 2]). This element / acts on any power, say a, of the determinant line bundle 
£,d over Teichmuller space and cr is a point in Teichmiiller space preserved by /. For the rest of this 
paper we denote S with the complex structure cr simply by X. The framing correction term is obtained 
by setting a = (,. 

Proposition 3.1. For a finite order automorphism f : S — > X of a surface X we have 



det(/) a = exp 2, -2maoJi 

,0#cSe(-i,i) 

where e 2niG> K cbj e{-\,\), are the eigenvalues of the pull-back f* : H 1,0 (E, d) -+ H l '°(L, d). 
Proof Let us identify H\l., R) with // 1 '°(I, d) via 

H\l,,R) «-» H\i:,C) ^ H l '°(T.,d), 
where pr is the projection to the subspace. We get that the diagram 



H l ' (L,R) *- 



// 1 '°(I,R) 



H\X,R) 



r 



H l (Z,R) 

commutes. By naturality of Poincare duality, the diagram 

/* 



H l (L,R) 



H l (L,R) 



PD 



PD 



- #i(£,R) 



ffi(X,R) - 

commutes. In particular, the eigenvalues of PD -1 of* o PD and /* are inverses of each other. In analogy 
to O Section 5] we get that 



det(/f = exp 



I 



-Imacoi 



^0^e(-i,i) 



where e 2mw i ; &J g [_I ? I) ; aj- e the eigenvalues of PD L of o PD, or equivalently, where e 2ma> J, cbj e 
[- \ , i), are the eigenvalues of /* . n 



We now turn to the contribution from each component of the fixed point variety which contains irre- 
ducible connections. Let c e C with |A1(S)|', nonempty and consider <y c c (^tj(L c ,(Om(i.))) e H*(\M(2)\' C ). 
In order to give a formula for the top degree term of this element, we need to fix a complex structure on 
X which is preserved by /. This induces the structure of an algebraic projective variety on Ai(£) and 
hence also on |At(X)| c . Algebraic varieties have fundamental classes and we denote the fundamental 
class of |Ai(S)| c by [|Af(£)| c ]. As described in Appendix [Bj the Lefschetz-Riemann-Roch Theorem in 
ET1 Section 0.6] gives 

T.(L c .(0 Mm )) = Ch'O^AKE))- 1 n [|M(£)U Td 6 H.QMVX), 

where [|Al(X)| c .] Td is the Todd fundamental class defined in 1201 and A c _ l M('L) is a certain element in 
the 7<f-theory of |At(E)| c with complex coefficients also defined in EDI (see also JU Section 8] for a 
computation of this element in the case at hand). We recall that the highest degree term of [|Al(X)| c ] Td 
equals [|Af(£)| c ]. The top degree is d c - dime |Af(X)|'., so the contribution from Ch(A c _ 1 M(L)T 1 to the 
top degree term of oj c c n tj(L c ,(Om(i.))) will simply be its degree zero part. Following [6, Section 8], 
we have A C _ X M{Y) = V (Z(-1)'[A'A^]), where N* is the conormal sheaf to |A1(E)| C (thought of as an 
/-equivariant sheaf) and L* is the homomorphism determined by L'{E a ) - [E a ] ® a e i<T (|A1(£)| c ) ® C 
for an a-eigensheaf E a of /. Since / is finite order, N* splits as the direct sum N* = (J) ■ N* ■ of 

a ,— eigensheaves N* ■ of/, where a, = e 2m ^ and / = 1, . . . ,m — 1, we then have 

m-\ 
7=1 

Then the degree zero part of Cb^/t^AKE)) -1 is 

m-\ 1 

^.(RankAC)- 1 - fjd-^ - da( ,_ <//K . ) . 1 = «-**&■ 

This shows the following. 
Proposition 3.2. 



o/" U Ch\A c _ y M(T)Y l = 



(D d < 



det(l-J/|/v«) 

If \M\' C is not empty, then it is open and dense in |Af| c , so that we can integrate the above differ- 
ential form over \M\' C . Furthermore, any sensible integral over |At| f is equal to the integral over \M\' C . 
Therefore the expression of the leading order term of the Witten-Reshetikhin-Turaev invariants for each 



c e C in differential geometric terms is an immediate consequence of Proposition 3.1 and 3.2 



Theorem 3.3. Let |A1(E)| C - be a connected component of |A1(E)| containing irreducible connections, 
then 

*"* det(/)^e 2 ^ CSs / (c) ^ j (exp(to c ) n r.(^(0 M(s) ))) 



/ 



= exp 



H Z 



Q±ajZ{-\,\) 



2mkCS Zf (c) C 1 ^Hg] { Q X 

Jae\M(M' c d c ] det ( l ~ d f\Kj k ' 



where e 2niGj >, cbj € [-±, \\ are the eigenvalues off : H l0 (I,,d) -> H lfl (L,d) and N* [a} := N* [a] is the 
fiber over [a] € |A1(£)| C of the conormal sheaf N* o/|Al(S)| c . 
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Notice, that a connected component may contain more than one irreducible component (in the 
Zariski topology). These components can be of different dimensions, but only the components of 
dimension d c will contribute to the integral. 

4 Reidemeister torsion 

In this section we will summarize some basic facts about Reidemeister torsion, which is a term in the 
asymptotic expansion of the Witten-Reshetikin-Turaev invariants. To keep the proofs less technical we 
will consider it as a density. Note that, it is possible and could be interesting to lead this discussion in 
the context of sign-determined Reidemeister torsion as defined in [70] (see for example PTlO . 



Torsion of a complex 

The notation has been adapted from ||34l and l|4"91l . Let F be either R or C. Let L be a 1-dimensional 
vector space over F. We will denote by ZT 1 the dual of a complex line L and by I eT 1 the inverse 
of / given by l~ l (l) = 1. By a density on L we mean a function 

| • | : L — » R such that |ca>| = |c||o>| for c e F,a> e L. 

We denote the densities on L by \L*\. For an rc-dimensional vector space V over F we let det V = A n V 
and define a density on V to be an element of | det V*|. A density on a manifold M is a section of the 
density bundle | det T*M\. Every volume form a> on V gives a density \a>\. If we choose an orientation, 
we can identify densities with volume forms. 

Definition 4.1. Given a finite cochain complex (C, d) of finite-dimensional complex vector spaces, we 
denote 

n 

detC* = 0(detC-') ( - 1)/ . 



T C -4 € ltdetCT 1 ® (det H'(C,d))\ 



red = (X) ( \ds M A s j A h j f iy+l ® \h j f iy 



Then the torsion 



is given by 



7=0 

after an arbitrary choice of 

• s j € /\ k J with ds j * 0, where kj is the rank of d: C j -> C j+l , 

• h) € det Hi(C) non-zero and 

• a lift y e A'' C j of h j , where lj - dim H J (C',d). 

We will use the Multiplicativity Lemma as our main computational tool. 
Lemma 4.2. Let 

(4.i) o->c*^C2^c;->o 



n 



be a short exact sequence of cochain complexes, choose compatible volume elements u>* in C* — that 
is, col = v*(wj) A to'i with p*(u>'J) = a> J 3 for tol e detCJ — , and let H* be the long exact sequence 
associated to \\.\\ . Then 

tc*(w 2 ) = Tq(wi) • t c -(oj 3 ) ■ T H ', 

where a>t = Y\( a> j) < '~^ ■ 

For a proof see 041 Corollary 1.20] or Il56l Theorem 3.2]. 

The Wang exact sequence 

In order to compute the Reidemeister torsion, we will employ the Wang exact sequence lP74ll67ll . 

Let (C, d) = ®" =0 (C, d l ) be a chain complex and f = {/' : (C\ d l ) -> (C\ d 1 )} be a chain map. 
Then the algebraic mapping torus (T'(f),df) is the cochain complex with T'{f) := C © C'~ l and 
boundary operator d'(x,y) := (d'(x), -d'~ 1 (y)+p'(x)), where p* = Id* -/* : C* -> C*. It is not difficult 
to confirm, that we get a short exact sequence 

(4.2) -► (C-\-d) C (T'(f), df) £ (C, d)^0 

of chain complexes, where v* is the inclusion into first summand and n* is the projection onto the second 
summand. Observe that (C*,-d) and (C',d) are isomorphic chain complexes and that H'(C*~ l ,d) = 
H'~ l (C, d). This yields a long exact sequence H^ by the name Wang exact sequence 

• • • -► H^iC) £ <(C) X H^\T\f)) C H^\C) ->•■•. 
It is easy to check, that the boundary map is indeed induced by p* . Together with the Multiplicativity 



Lemma 4.2 we get the following useful result. 



Corollary 4.3. Let co^ e detC^ be a volume form for all j and let a) := Y\( a> j) < ' ■ Then we have 

T C(M)(w) — T c .-i(co~ l ) and therefore for a>f = v*{oS) A a>' with n*(a>') = a>~ 1 

TC-(M f ){0Jf) = t H ' w . 
In particular, this is independent of the choice ofu>. 

Reidemeister torsion 

If each C-i comes equipped with a volume form, then the torsion is an element of | detH'(C*,d)\. If X is 
a smooth manifold, W an inner product space and p: n — > GL(W) a representation of n = n\{X), then 
we can consider the cellular chain complex with local coefficients in W twisted by p given by 

C'{X, W p ) = Hom Zn (C.(X), W), 

where X is the universal cover of X. Note that C,(X) has a natural inner product, by which the cells 
are orthonormal. If furthermore p preserves the inner product on W, then C'(X, W p ) carries an induced 
inner product and therefore volume forms. Then the Reidemeister torsion ofX is a density given by 

tx(W p ) = nc-vtwjA 6 \dctH'(C',d)\ 
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and is independent of the choice of the cell decomposition of X. The use of cochain complexes rather 
than chain complexes in defining Reidemeister torsion simplifies the notation in our arguments consid- 
erably when interpreting the torsion in terms of twisted de Rham cohomology. Even though we need to 
choose a multiple of the Killing form as a metric on g in order to identify Reidemeister torsion defined 
through chains and Reidemeister torsion defined through cochains, it is not difficult to see that the iden- 
tification is independent of this choice. If A is a G-connection and the representation ad o hol(A) = p is 
associated to a flat G-connection A via the adjoint representation 

ad: G -» 0(g c ) c End(g c ), 

which takes values in the orthogonal group with respect to the Killing form on g, we define 

t x {A) := T X (Sp). 

Note that we can also consider the complexified adjoint representation 

Ad: G -» U(g c ) c End(g c ), 

where we have extended the Killing form to a sesquilinear form on g c . We then also have 

rx(A) = T X (g£ dohol(A) ). 

5 Reidemeister torsion of mapping tori 

We will see in this section that for c e C 

r i r \oj d r c \ 

JM&fYc J\M(z)\' c I det(l - df\u* a] )\ 

where AC , = N* r , and the conormal sheaf AC is the dual of the normal sheaf 

= TM(L)\ lM y )lc 
T\M&)\c ' 

In the above equation we identified H 2 (Zf, cIa) with H l (Lf, cLa)* via PD. In fact, we will even show an 
equality for irreducible components on the level of densities. The factor \Z(G)\ then stems from the fact 
that r: At(S/) — > |At(S)| is a |Z(G)|-sheeted covering map (see [6, Section 7]). 
Notice, that r|At(E)| is simply the kernel of the bundle map 

l-df: rM(Z) -» rM(S) 

and is therefore isomorphic to the bundle of 1-eigenspaces of 

f : T [a] M(T) -> r [0] M(2), where [a] e |M(S)| C . 

We can fix an isomorphism H 0,1 (L, d a ) = T[ a ]M(L) to get an equivalent statement for H 0,1 (L, d a ). Also, 
note that the eigenvalues of 1 - df* : N[ a \ — > N[ a \ and of 1 - df : A/?, — > AA? , are the same, where df 
is short for (df*)*. 
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General mapping tori 

Consider a CW complex M and an orientation preserving simplicial homeomorphism /: M — > M. The 
torsion for the mapping torus Mf of / has been computed in ll37l Proposition 3] (see also [32, Section 
6.2] and IJ571 Example 2.17]) only when Mf is an acyclic CW complex. In this section we will give a 
generalization of the computation for mapping tori to the non-acyclic case. The computations in PTTl 
of sign-determined Reidemeister torsion for fibered knots for the local coefficient systems su(2) and 
sh(C) use the same basic tools, namely the Wang exact sequence and the Multiplicity Lemma. 

Let p : n\Mf — > G be a G-representation of n\Mf acting on g by the adjoint representation. If we 
denote by C g : G —> G the conjugation action, then p is determined by a representation p' : jim — > G 
satisfyingp' = C g o(f*p') for some g e G. The choice of g induces a chain map/* = f' : C'(M,q p >) — > 
C*(M, g p /). It is easy to check that the algebraic mapping torus T(f') is isomorphic — in fact, isometric — 
to C'(Mf, q p ) induced by the cell decomposition of S l into two cells and C*(M). 

In this section let us from now on drop the coefficients in the cohomology and cochain groups 
entirely with the understanding that we consider coefficients twisted by representations compatible 
with the restriction. Instead of// 1 and n 1 we will sometimes use the more familial - notation p* and n*, 
when the grading is clear. Consider the diagram in cohomology induced by the Wang exact sequence 
and a positive multiple of Poincare duality on M 

■■■ — H n -\M f ) -^ H n ~\M) — ^— H n ~\M) -^ H n - M {M f ) — ••• 

••• — (H i+l (Mf)J -1+ (H\M))* -^ (H\M))* -^-+ (H\M f ))* — ••• , 

where //' = 1 - / _1 and we write f~ y - ((/ _1 )*)*. It is easy to check that the middle square commutes. 
Furthermore, since 

a*' = a - /) ° c-r 1 ) = a< ° (-r 1 ) - c-r 1 ) ° ^ 

and (-/ _1 ) is an isomorphism, the exactness of the above sequence implies the exactness of the lower 
sequence. We can define isomorphisms 0: imv* — > im7r so that the above diagram commutes, and 
we can extend these maps arbitrarily to isomorphisms 0: H n ~\Mf) — > H' +l (Mf). We extend to the 
exterior algebra by setting 0(a A b) = 0(a) A 0(&). 

Before we can compute Reidemeister torsion of a general mapping torus, we need a few technical 
facts. For finite order mapping tori the situation simplifies considerably and the result is more pleasing. 

Lemma 5.1. LetO t h i+i € det(im(7r ! ')). Then we can find h' + Ahi e det(//'(M)) such that v*(hi) = h i+i 
and p* (hi) A hi ± 0. 

Proof. Let h\ A hi e det(//'(M)) such that v*(hl) = h M . \fp\h\) A hi = 0, then let k> e K(H\M)) 
with + p*(k') A hie det(H'(M)). Now choose A > small enough that for tf + := h' + + Ak' 

h\ Ahi+0. 

Then we also have 

p(hi) Ah<_ = Ap{k l ) A hi t0. a 
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Proposition 5.2. Let Mf be a mapping torus of a homeomorphism f; M — > M, dimM = n. Then we 
may choose h' e A(H'(Mf)) and h l _,ti+ £ A(H\M))for all i with 



(5.2) 



t v*(h^ 1 ) A H € det(#'(M/)), 
* n*(U) Ah\e det(// ! '(M)), 
and t ft* (hi) A hie det(// ! '(M)). 



so that they satisfy 

(5.3) l®(v*(/£~'))(#)| - 1 and \U_ A h\\ = |tt*(/j') A h\\, 

Furthermore, the Reidemeister torsion is 



r(Mf) 



n + \ 



.* / 1.1—1 



(V*(/J_ )A/l') 



h(-l)' 



(=0 



nidet^)l ( - 1),+1 . 



i=0 



where ft is determined by 



~pXti_\h\) = ti_Ap*(h\). 



Proof The Wang exact sequence and Lemma 5.1 allow us to choose h' € A(H'(Mf)) and h'_,h l + e 
A(H\M)) for all i with 

^"(h 1 : 1 ) A /j'' € deuT/^M/)), 
+n*(h l ) Ah\e det(#'(M)), 
±ii* (h\) A /ii e det(//'(M)), 



and 



+h\ A #. 



By rescaling we can assume \&(v*(h1 '))(h l )\ - 1. Notice that, if h' and h n _ ' satisfy this condition, so 
do Ah 1 and \h1~' for A > 0. By choosing A appropriately we may therefore assume that 

\hl Ah\\ = |tt*(/0 Ah\\. 
| det/}'| • Witt) A h\\ = | det/i'| • \H_ A h\\ = \fi\hl A /j ! + )| = \hi A p*(h\)\, 



Then 



and therefore 

(^wmAHj--^ 

(=0 i=0 

By Corollary |4.3| the proposition follows. 



\»*(K) A h 



i |(-1)' +1 _ 



det/i 



jii+i 



Note, that even though the system of equations ( |5.3| > seems to be overdetermined, half of them are 
equivalent to the other half, since the above diagram is commutative. Also observe that, even though 
our result seems to depend on 0: H n ~\M) — > H' +l (M), we can use a different multiple of Poincare 
duality without changing Reidemeister torsion: This can be easily verified by the skeptical reader by 
considering the cases n odd and n even separately. 



15 



Finite order mapping tori 



We can enhance Theorem 5.2 and make it more useful for finite order mapping tori, if we put some 



restrictions on p*. Before we do that, let us state and prove a simple fact from linear algebra. 

Lemma 5.3. For a linear map T : V — » V between finite-dimensional vector spaces, the following are 
equivalent 

1. T : VI ker T — > VI ker T induced by T is an isomorphism. 

2. T - T\{ m j- : im T — > im T is an isomorphism. 

Furthermore det T - det T. 

Proof. Clearly, f is an isomorphism if and only if im T c -> V — * V/ ker T is an isomorphism. The last 
statement is equivalent to im T n ker T = 0. This implies that T: im T — > im T is an isomorphism. On 
the other hand, if + v e im T n ker 7\ then T is not injective, because T(y) - 0. 

Furthermore, if {b(}i is a basis of im7\ then {[&,-]}< is a basis of V/ker T. It follows immediately, 
that det f = det f . a 

Proposition 5.4. Assume that 

tf: H\M) I kerQi 1 ) -> H*(M)/iet(/J) 
is an isomorphism. Then we can choose h' with + n*(h l ) € det(im^) satisfying 

(5.4) ®{ V *{ J e{h n - i ))){h i ) = i. 



Furthermore, we have det(//) = det(/5'), where p' is the map from Theorem 5.2 In particular, if p' is an 
isomorphism for all i—for example for finite order mapping tori — we have 



T(M f ) 



n+\ 



(gXvvc/r 1 )) a wt^ w i femt iy 



1=0 



i=() 



Proof. Suppose that//' is an isomorphism. Choose h' with + n*(h') e det(imTr')- in view of Lemma 



5.3 we can find h\ e detimju' with + n*(h l ) A h' + € det H\M). Since /z ! + € det ker v\ we deduce 



+ v* o jT*(h l ) € detimv', which allows us to rescale U so that it satisfies (5.4) above. If we set 



hi. := n*(h l ), it is straightforward to see that (5.3 1 is satisfied and that 



det/i' = det p. 1 . □ 

Finite order mapping tori of surfaces 

We will now focus on the case of a mapping torus Sj of finite order for a closed surface E. The goal 
of this section is to identify integral of the square root of Reidemeister torsion with the leading order 
term in formula ( |1.3| > as predicted by the semiclassical approximation of the path integral. We will 
only do this for the case, when c € C contains an open, dense submanifold |AI(X)|', of irreducible 
connections of |At(S)|. More specifically, we will establish an identification on the level of densities 
for |At(£)|p. Notice, that while the square root of Reidemeister torsion is a density on a submanifold 
of the irreducible connections of M(E/), o/ /c is a density on top-dimensional component of |A1(X)£. 
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Therefore the density on |At(£)| needs to be pulled back to a density on M(L) via the natural restriction 
and |Z(G)|-sheeted covering map r : M(Lf) — > |At(E)| before we can relate it to Reidemeister torsion. 
We also need to point out, that by treating Reidemeister torsion as a density, we chose to identify 
H 2 (L f ,d A ) with (H l (T, f ,d A ))* for A e M Xf via PD. 

Before we prove the main theorem, we would like to mention the following simple fact. 

Lemma 5.5. Let (V 2n , a>) be a symplectic vector space. We can identify V with V* by 

0(v)(w) '■= -to(v, w) 

and extend this map to the exterior algebra by 0(v A w) := 0(v) A ®(w). Then the volume form 
vol = ^af € det V* on V satisfies 

©(vor'Xvor 1 ) - 1, 

where vol" 1 e det V is given by vo^vol" 1 ) = 1. 

Proof. Form a symplectic basis {a,-, &,} r =i,...,„ of V, that is, a>(a.i, bf) - -co(bj, a,) = Sjj. Then we have 



0) = - J] &(b { ) A ©(aj) = J 0(a,) A 0(fc). 



1=1 1=1 



Then 



as well as 



. . n n n 

vol =-co n = -/\Y J ©fa) A ®(bi) = /\ &(a t ) A ©(&,) 



(=i i=i 



vor 1 =(-l) n /\biAOi = /\a t Abi 

i=i i=i 

Therefore we get the desired equation 



©(voHXvor 1 ) = f\(®(ad a &(bd) 



W=l 



vol -1 - volCvol" 1 ) = 1. 



Theorem 5.6. Let A be an irreducible flat connection on 2,f such that a := r(A) is irreducible on X and 
c c |vVt(X)| is a connected component containing a. Let a> be the usual symplectic form on H l (Z,d a ) 
given by ( |2.2| ) and identify H 2 (Lf, d A ) with H (Lf, d A )* via PD. Then we have 



*,w» ' |rW '' 



*! VI detCl -/')!' 



where d c = ^(dnan H(Ef,d A ) — dim^ H°(Zf, d A )) and the restriction co c of co to ker(l — f l ) is a 
symplectic form on ker(l - f l ). 

Proof. The Reidemeister torsion 

Tx f (A) € detfl°(I/, d A )<8> det H l (£ f ,d A )* ® detH 2 (I.f,d A ) ® detH 3 (I,f,d A )* 

has been computed in Theorem |5.4| Since we are only interested in A irreducible, we have H°(Lf, d A ) = 
H 3 (Lf,d A ) - 0. In contrast to [49, Proposition 5.6], where / has isolated fixed points on M(L), we 
have to consider connected components c c |At(E)|, which are positive-dimensional. Furthermore, PD 
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identifies # 2 (E/, d A ) with the dual of H l (L f , d A ) and dim H\l.f, d A ) = dim M(L f ) c = dim \M(L)\ C . In 
summary we get 

0* Jtz,(A) e\det H l (L f ,d A n 
Since we also assume irreducibility of a = r(A), ker^ 1 ) = im(v°) = 0. Furthermore, 
* iof c € det(Ei{f 1 ))* = det(ker(l - f 1 ))* = detCkerOu 1 ))* = detCimCTr 1 ))*. 
Since n x is injective, we can define an element h x e H l (L) by requiring 

n*(h [ ) = (cofy 1 e detCimC/r 1 )). 
All that is left to complete the proof of the theorem is that this choice of h l indeed satisfies condition 



( |5.4| ). Since H 2 (L, d a ) = we have det^mfv 1 )) = det(// 2 (Sy, d A )). Since the map /i l from Theorem 
is an isomorphism and + n*(h l ) e ker/i 1 , we have 

t y\n\h x )) e det(H 2 (L f ,d A )). 



5.4 



We would like to apply Theorem 5.4 Since we chose PD to identify H 2 (Lf, d A ) = (H (£/, d A ))* we 



need to check that = PD indeed satisfies condition ( |5.4| ). We see, that condition \5A\ is equivalent to 

PDdcoir'Xiojfr 1 ) = ®(n*(h l ))(7i*(h 1 )) = n{®{n\h x )){h l ) = 0(y*(;r*(/ l 1 )))(ft 1 ) - 1, 
which is satisfied by Lemma [S3] □ 



Geometrically, T [a] M(Z) = fl - 1 (2,5,0, and therefore |det(l - Z 1 )! = |det(l - dfo )\ 2 , where we 
again understand df as (</(/*))*. 

Theorem 5.7. Lef A £>e an irreducible flat connection on Ey swc/j ?/iaf r(A) « irreducible on 2. 7/ 1 we 
identify densities with volume forms using the orientation induced by r*(co c )^, we have 



^ )= h 



r\oj c ) d ; 



\dtt{\ - df\ K J\ 



This shows that over the moduli space of irreducible flat connections A with r{A) irreducible we 
indeed have the identity ( |5.1| ). 

6 The p-invariant 

Another classical topological invariant, which appears in the expansion of the Witten-Reshetikin-Turaev 
invariants, is the p-invariant. We will briefly review the definition for 3-manifolds in the context of the 
adjoint representation and relate it to the original definition using the defining representation before we 
state the result from (25), which will be relevant for us. 
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The Definition 

For a formally self-adjoint, elliptic differential operator D of first order, acting on sections of a vector 
bundle over a closed manifold X, one defines the //-function 

(6.1) r}(D,s):= 2j -77^' Re(s) large. 

O^AeSpec(D) ' ' 

The function tj(D, s) admits a meromorphic continuation to the whole s-plane with no pole at the origin. 
Then 77(D) := rj(D, 0) is called the //-invariant of D. 

As a special case, let G be a compact, simple, simply-connected Lie group and A a G-connection on 
a Riemannian 3-manifold X. Then the odd signature operator coupled to A is the formally self-adjoint, 
elliptic, first order differential operator 

D A : ^°(X; ) © Q l (X; g) -^ Q°(X; g) © ^(X; g) 
(a,J3) 1— » (4/3, t/ A a + *4a/S), 

where c?a : H P (X; g) — > Q P+1 (X; g) is the covariant derivative associated to A and G acts on g via the 
adjoint action. If A is flat, the p-invariant is given by 

(6.3) p A (X) := rj(D A ) - r](D ), 

where 9 is the trivial connection. The p-invariant is metric-independent and gauge-invariant. We write 
Phoi(A) = Pa, where the representation hol(A) : n\X — > G is the holonomy of A. 

In the original definition |[T4ll by Atiyah, Patodi and Singer, their p-invariant has been similarly 
defined for a U(«)-representation, where U(«) acts on C" by the defining representation. We will 
briefly describe its relationship to our definition of the p-invariant in ( |6.3[ ). With respect to an ad- 
invariant metric on g — for example the Killing form — on g, the adjoint representation takes values in 
the orthogonal endomorphisms of g 

ad: G ^ SO(g) c End(g). 

We can consider the complexified adjoint representation 

Ad: G -* SU(g c ) c End(g c ). 

Then phoi(A) is equal to the Atiyah-Patodi-Singer p- invariant of Ad o hol(A). 

The Rho-invariant of finite order mapping tori 

Let £ be a surface and P a principal G-bundle. In order to make use of the results in E51 . we consider 
the bundle AdP associated to the complexified adjoint representation, which is a Hermitian vector 
bundle of rank dim G. 

The chirality operator r^ on Cl p (L) is given by 

„ p(p-i) 1 ->„ 

TS = (-l) — +2p i* p , 

where * p is the Hodge star operator on £l p (L). Note that the splitting into ±l-eigenspaces of tj re- 
stricted to the harmonic forms "K*(E; Ad P) = ker A a of A a := d a d* a + d* a d a 

'H'CL; Ad P) = 9<*(L; Ad P) © ?£(E; Ad P) 
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is invariant under O/* for any gauge transformation cD : P — > P satisfying $>f*a = a. Since the unitary 
structure on Ad P arises from ad : G — > 0(g) (see [25 , Remark (ii) on page 136]), we have 

trlog[Of| Wa+(2;Ad p )nn i] - rk[(Of - Id)| w - (s . AdP)nQ i] - trlog[Of|< w - (s . Ad/ > )nQ i] ! 
rk[(0/* - Id)| Wa+(i; . Ad p )nn i = rk[(0/* - Id)| w - (Z . AdP)nn i, 
and rk[(/* - Id)|< w+(s)nn i] = rk[(/* - Id)|- K - (Z)nn i] 

where tr log is defined for a diagonalizable map T as 

n 

trlo g r:=2]^eR, 

where e • j are the eigenvalues of T, and where we require Oj e [0, 1). Also note that 

?C(£; AdP) nO 1 - // 10 (I,5 a ) and ?£(£; AdP) n O 1 - // ai (E,dJ. 
A fixed isomorphism H 0,1 (L, d a ) = r[ a ] A1(E) gives the commutative diagram 



r w M(S) 



,//■' 



r M M(£), 



and we have rk[(J/* - Id) | r >vi(2) ] = rkAf[ a ]. We simplify [25, Theorem 4.2.4] as follows. 

Theorem 6.1. Le? /: £ — > S &e a finite order homeomorphism. Let A be aflat G- connection over Xy 
w/f/i r([A]) - [a]. r/ze« 



(6.4) 



PA&f) = -4trlog[<i/*| r[a]A1(I) ] + 2rkJV M 

- 4dimGtrlog[/*| w i,o (S) 5 ) ] + 2dimGrk[(/* - Id)| w i,o (Si a)]. 

Remark 6.2. It follows from the proof of E51 Theorem 4.2.4], that 



and 



»/(D A ) - -4trlog[fif/*| T[fl]A1(X) ] + 2ikW [a] , 

77(D e ) - -4dimGtrlog[f l^o^)] + 2 dimG rk[(/* - M)!*^^]. 



7 Identifying the classical invariants 

In this section we identify the classical invariants in the leading order term of the Witten-Reshetikhin- 
Turaev invariants ( |1.3| > of a finite order mapping torus X = E/ as conjectured by the stationary phase 



approximation ( |A.5[ ). More precisely, since the leading order term of 

k dim G /z dim G 



f = 



= dimG 



fc + h ' k + h 

is simply dimG, we identify the classical invariants in the leading order term 



(7.1) 



det(/H dh » G e a -* cs «/ (c) i j (^ n r 4 (L<«W))))* d 
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of ( |1.3[ ) corresponding to an irreducible component |At(S)| c of the variety |At(S)| containing an irre- 



ducible connection. Theorem 3.3 gives an expression of ( |7.1| ) in terms of an integral over |A1(X)£. We 
reformulate this as an integration of classical invariants of 3-manifolds over M(L)' C . 



By Theorem 5.7 we have for A e At(£/) c 



r*(co c ) d : 



det(l - df\ N: J' 



keeping in mind, that we have identified densities with volume forms in the orientation induced by 



r'(w c )2. Notice, that for a complex root of unity £ - e lnW with 6 e (0, 1), we have 1 - f = £(£ ' - 1) 
f Q - 1). Therefore 



i-^V W 



= -€• 



By observing that the real part of 1 - £ is always positive, we see that 



(7.2) 



1 



1 



W IWI 



_g27ri(H) = 



l 



IWI 



-e- lni n. 



For a := r(A) the maps df\j* m(Z) an d ^/*lr M Ai(X) have the same eigenvalues, and we have rkN[ a ] 
tkN?-.. Therefore by Proposition 3.2 Equation ( |7.2[ ) and Remark 6.2 we get 



± r -K'UQ'(/,«Z)r') 1 = i 



r*((oX 



rf c !det(l- df)\ 



K 



w 



= r Z/ (A)2exp I -2m 



Jrlog[df*\ T[a]M y } ]\ ;ANia 



tAr M 



- T Z/ (A)2g ; 



fiKAO 



In particular, we get 



(7.3) 



r Sf (A)5e 



MAO 



-±-(w* n t^(^(C5 M(£) ))) - f i- w * u Ch'U^AKS))- 1 

-J[ 

Observe, that we can rewrite 

trlog[/* 1^1,0^)] 



rk[(/* - Id)| wW(S(5) ] 



z 



Wj, 



where e t7dG)i = (o u a>; 6 [~± ±), are the eigenvalues of the pull-back /* : 'H lfi (L,d) -> < H 1 '°(I.,d). By 



Proposition 3.1 we therefore have 



det(/)" 



- i dim G 



exp ct dim G tr log[/* |^i, 0(Z $] - 



rk[(f* - Id)| w i,o ( ^ 



3) J 



Therefore, it is easy to see from Remark 6.2 that the leading order term of det(/) ^ is given by 

(7.4) det(/)^5 dimG = e ~fv(D e )_ 



Together, (7.3 1 and (7.4 1 prove Theorem 1.5 In particular, we have the following. 
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Theorem 7.1. Let each M(£f)' c be nonempty for every c e C. Then 
(7.5) z?)^ 1 V f k^e 2nikC ^f (A) J^AA) 



, .PA< E /> 



^73 JAeM&fYc 



and each factor of the integrand gets identified in the leading term of the Witt en-Re shetikhin-Turaev 
invariants. 

8 Spectral flow 

The spectral flow along a path of formally self-adjoint, elliptic differential operators D t is the algebraic 
intersection number in [0, 1] x R of the track of the spectrum 

{(t,A)\te [0,l],AeSpec(A)} 

and the line segment from (0, -e) to (1, -s). We choose the (-e, -e)-convention, which makes the 
spectral flow additive under concatenation of paths of connections^ 

The main statement of this section relating spectral flow, the Chern-Simons invariant and the p- 
invariant for a compact Lie group seems to be well-known. Since it depends on several conventions 
and we have not found a general proof anywhere in the literature, we decided to provide a proof in this 
paper in the hope that it may be a useful reference. With slightly different conventions, this has been 
proven in [51, Section 7] for SU(2). Even though the main proof is completely analogous, we give a 
detailed exposition for the convenience of the reader. 

The dual Coxeter number 

Let G be a simple Lie group of dimension n and rank r. Consider any positive definite normalization 
(•, -> g of the Killing form on g. Given a basis {X,}, = i t ^ n of g and its dual basis {X'} with respect to (•, -> g , 
the quadratic Casimir is the element 



Q - V Xj ® X' € g ® g. 



As an element of the universal enveloping algebra it commutes with all elements of g. The Casimir 
invariant in the adjoint representation is given by 

ad*(Q) - y ad»(X£) ad*(X') € End(g). 

i 

By Schur's Lemma we know, that it is proportional to the identity with factor — by definition — the 
Casimir eigenvalue C a d in the adjoint representation with respect to the normalization (•, -> g . 
Therefore, we have for all X, Y e g 

tr(ad,(X)ad*(F)) = ^(X,F> g , 

where K is determined by 

1 " 1 " 1 

K = K- y a,-,X% = - y tr(ad,(X0ad,(;O) = -C ad tr(Id) = C ad . 
n *—t n *—t n 

i=i i=i 



'In the literature one also frequently finds the (-£, e)-convention (see for example [35 51]), so we need to be careful when 
relating to formulas found elsewhere. 
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The inner product (•, -) g gives rise to the identification g* — > g, B — > Xp, where B(X) = {Xp, X) s for 
all X € g. We also have an induced inner product (•, -) g on g* given by (/?, y) := (Xp,X r ) g . Then we 
have C a d - (0, Q) g ■ h for the maximal root 9 (see for example [38. Equation (1.6.51)]), where the dual 
Coxeter number h is independent of (•, -) . 

Notice that for the inner product on S\J(n) given by {X, Y) su ( n ) = - tr(XF), the maximal root 6 
satisfies 0, 6) su („) = 2. We therefore get 

(8.1) -tr(ad*(X)ad*(F)) - -2ntr(XY) forX,Y e su(«). 

Relating Chern classes via the adjoint representation 

We have seen in Section [6] that with respect to an ad-invariant metric on g, we can consider the com- 
plexified adjoint representation 

Ad: G -> SU(«) c End(g c ), 

and its differential 

Ad* : g -> su(n) c End(g c ). 

It is easy to see, that Caa - C a( j. 

We can define the second Chern form c 2 {B) of a connection B in a principal G-bundle P over a 
4-manifold Z by 

c 2 (B) := (F B A F B ) g , 

where (•, -) B is the normalization of the Killing form on g introduced in Sectionp] This normalization 
is given in terms of the Killing form by 

(8.2) (X, Y) B = -^- tr(Ad x , Ad F ), 

which is shown in [33, page 242] together with a list of the dual Coxeter numbers h. Note that in this 
normalization C2(B) represents an integral generator of the second cohomology. 

Ad P, the complexified adjoint bundle of P, is a Hermitian vector bundle, which we view as a 
principal SU(«)-bundle via its frame bundle. Therefore, it makes sense to consider the adjoint bundle 
Ad(AdP) of AdP, whose fiber is u(n). The connection B in P induces a connection Adfi in AdP as 
follows. Given a section s: U — » P for U c M open, then s*B is a g-valued 1-forms on U. B is 
uniquely determined by the family of 1-forms B* := (sg)*B, where g e C°°(U; G). In this way, Ad B is 
determined by {Ad* °B s g } ge c™(U;G)- Similarly we get ^Ads = Ad Fg, where Ad Fb € Q 2 (Ad(Ad P)). 

By the previous paragraph we can consider the second Chern form 

c 2 (AdB) = {F AdB A F A dB>su(«) = <AdF B A AdF B > su(fI ) 



of Ad B in Ad P. By Equation tfO) and ( 8. 1 1 we get 



c 2 (Ad B) = — tr(Ad(Ad F B ) A Ad(Ad F B )) = — %- tr(Ad F B A Ad F B ) 

I6n 2 n \67T 2 n 

I6n 2 h 
- 2n— —(F B A F B ) 5 = 2hc 2 (B). 
\bn A n 

Notice that ci(AdB) = 0, because AdP is the complexification of adP, and therefore ch2(AdB) = 
\c\(MB) - c 2 {AdB) - -c 2 (AdB). This gives 

(8.3) - ch 2 (Ad B) = c 2 (Ad B) = 2h c 2 (B) 
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The relationship to the p-invariant and the Chern-Simons function 

We are ultimately interested in the spectral flow SF(D Ar ) of the odd signature operator coupled to a path 
of connections A t from the trivial connection 9 to another flat connection A. Since the spectral flow 
only depends on the endpoints, we will call this the spectral flow from 9 to A 

SF(0,A) := SF(D Af ). 
Theorem 8.1. Let G be a simple Lie group and A aflat G- connection, then we get 

SF(0 A) = -4hCS(A) + ^^ - dimG ( 1+fel (^)) + dim(H°(X,d A )) + dimjH 1 (X, d A )) 



We note that this Theorem combined with Theorem |7. 1| implies Theorem 1.6 from the introduction. 



Proof. The proof is analogous to the argument in [51, Section 7]. Notice, that because we have {X, Y) = 
-p tr(XY) for X, Y e su(n), our Chern-Simons function has a different sign than the Chern-Simons 
function used for example in ||5Tll58l . Let 5b : Q. 1 — > Q?®Q?: be the self-duality operator onZ = Xxl 
defined by <x> i-> (d* B (0, P-(dBOJ)) for a connection B on Z, where P is the projection to the anti-self- 
dual 2-forms. We will use the "outward normal first" convention to orient Z, so that we do not have 
to introduce signs in Stokes' Theorem. Near the boundary we have S b ° ^2 = *¥i(D' A + ■£), where 
D' A (a,b) = (-d* A b, *d A b - da A ), A - B\g Z , x ¥2(a,b) = adu + b and ^lia,^ = {-a,P-{bdu)). By the 
Atiyah-Patodi-Singer index theorem (see also BTl Theorem 7.1])) we get for the connection B = A t on 
Z 

SF(D A ,) = IndexS B = f A(Z)ch( V_)ch(Ad fi) + -(t](D Al ) + dimkerD Al ) - ^(tj(D Ao ) + dimkerD Ao ), 



induced by B and V- is the complex spinor bundle of - |-spinors on Z, whose rank is 2 for a 4-manifold. 



where ch(Ad B) is the total Chern character form of the connection Ad B in the trivial bundle Zxg c 
induced by B and V- is the complex spinor bundle of - 1- 
Consider C2(B) = (Fb A Fb)- Then by Stokes' theorem 

CS(Ai)-CS(A ) = fc 2 (B). 



By Equation ( |8.3| > we have 

2/z(CS(Ai) - CS(A )) - lb, \ c 2 {B) = - \ ch(AdB). 

Jz Jz 

We have 

A{Z) = 1 + ^c 2 (Z), 

so that the integrand in the index theorem can be split up 

J A(Z)ch(V_)ch(Ad B) = f (i(Z)ch(V_) rk(Ad B) + 2 ch 2 (Ad £)) . 

The first contribution can immediately be computed to be zero by applying the index theorem to a 
constant path at the trivial connection. The second contribution is precisely -4/j(CS(Ai) - CS(Ao)). 
By definition, the difference of the ^-invariants rj(D A ) - rj(De) is the p-invariant. After identifying the 
cohomology with the kernel of the odd signature operator, the theorem follows. □ 
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A A heuristic discussion of the path integral 

As a disclaimer, we would like to mention that this appendix reviews parts of lf75l and is the only 
non-rigorous part in the paper, which we decided to include for motivational purposes. See Sawon's 
overview [66] on the perturbative expansion of Chern-Simons theory and Rozansky's work [63] in 
particular [64] for a detailed account. 

For a function /: R" — > R with finitely many non-degenerate critical points and a compactly 
supported function cp : R" — > R, we have the asymptotic behaviour 



I 



a 
/%)^^Jyf J] e ?signHe S s,(/). 



12 A 1 V^ .4 sim Hess,( ft e tt/( *V(s) 

AfeCi-ii./) Vl detHeSS ^(/)l 



by the method of stationary phase. We may assume that ^i(jc) = 1 for x e Crit(/) and ip = outside of 
a compact set. Therefore, we will abuse the notation and eliminate the function ip from the formulas 
entirely. Let G be a simple, simply-connected, compact Lie group. If G/Z(G) acts freely from the 
right on R" and e' k ^ x ^ is G-invariant, then the Jacobian J of the G action on x induces the measure 
d[x] = | det J{x)\dx on W/G and we get the leading order asymptotic behaviour 

VolG f iffl JrJ ( 2 A : V^ e f signHess. r (ft g /W I det gC*)j V^ <^ 



-> Hl,r— (t) ls, 



[,] e cnt(/)/G VI det Hess, (f)\ \Z(P)\ 

Also see [76. Section 2.2] and ll64l Section 2.2] for the appearance of the factor 

According to Witten 
the Chern-Simons theory 



According to Witten lT75Tl . the invariants Z r (X) can be written as the path integral characterizing 



zf(X)= [ e 2 « ikcs ^dA, 
JAem 



where we have identified Jl = Q. l (X, q). Even though the right-hand side is not mathematically rigorous, 
we would like to formally apply the above stationary phase approximation to this path integral. This 
procedure in quantum field theory is known as the Faddeev-Popov method (see for example ll59l l62l 
for more information). Q = C°°(X, G) acts on J{. It can easily be seen that |Z(^)| = |Z(G)|, and we need 
to ignore vol Q. In our case, det D is the zeta-regularized determinant of a formally self-adjoint elliptic 
differential operator D 

detD = e< {0) , where ((s) = J] Ay\ 

where Aj are the eigenvalues of D. The differential of the Q action on A can be seen to be dA- Observe 
that 

||^|| 2 = <A< W>L2 = « 2 , 



where the L 2 inner product on Qr(X; a) is given by 



[{a 

Jx 



(a,b) L 2 = I (a A *b), 



A A is the twisted Laplacian on £l k (X, g) and ip is an eigenvector of A^ with (positive) eigenvalue A. 
Therefore we have 



(A.2) \6etJ(A)\=4 
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detAf, 



which is the Faddeev-Popov determinant in disguise. 

On a finite-dimensional Riemannian manifold we have 

Hess,(/)(X,y) = (V x grad/,y> 

for a critical point x of a Morse-function /, where V is the Levi-Civita connection. We can view the L 2 
inner product on the space of connections J{ as a metric on 3\. We can use it to identify vectors and 
co vectors of T[A](B) = cokerd A = kerd* A . With respect to this the linearization of CS : S — > R/Z is 
given by the gradient gradCS U - *Fa '■ ker<i^ — > ker<i^. Consider now the odd signature operator 



">2 _ a(0) „ a(1) „„j t u Q „ Q -f„„ Q tA^t r\ . \2 



coupled to a connection A, as defined in ( |6.2[ ) Notice that D A = A^ © A\ and therefore (detD A ) = 
det A^ det A^ . Let A be flat, then we have under the decomposition Q 1 (X; g) = im <i A © ker <i^ 



D A = // A 

where 





S A ■ n°{X;Q)®imd A - 


^Q (Z;g)©imJ A 








(a,j5) h 


-^ (d* A J3, d A a) 








has symmetric spectrum and satisfies | det S A | - detA^ , while Ha 


= ProJicerrf; *^A ■ 


ker<i A 


-> kerJ* 


is the linearization of 


grad A CS satisfying (Ha(o), b) 


= Hess A CS(a 


b). Therefore we 


have 




(A.3) 


|detHess A CS| -|det// A | 


|det£> A | 
IdetSxl 


|detD A | 
detAf ' 






The analytic torsion 













T x (A):=Y\(detA { y 



■,(-\) t+l kl2 
k ' 

is an invariant of Riemannian manifolds defined by Ray and Singer, which proved to be equal to the 
Reidemeister torsion tx(A) by work of Cheeger and Miiller after choosing the volume form on coho- 
mology induced by the metric on the manifold. Since det A^ = det A^ by Poincare duality, we 



deduce from Equations (A.2i and (A.3) 



,A.4) VSM) - (de<A<°>)"V<)-'< - ~^= - JPW 

A A VI det D A I VI det Hess A CS | 

Let us turn to the analogue of the signature. In finite dimensions we have for a path x t between two 
nondegenerate critical points xq and x\ we get 

sign(Hess Xl (/)) - sign(Hess Xo (/)) = 2 SF(V grad^ /), 

where the spectral flow SF is defined in Section[8] Therefore, instead of the signature of the Hessian, we 
can use twice the spectral flow of Ha, for a path of connections A, from the trivial connection G to some 
flat connection A = Ai. Since S a, has symmetric spectrum and Da, - Ha, is a compact operator for all 
t, we can use 2SF(D Af ) = 2SF(// Af ). Keep in mind, that this procedure neglects the signature at the 
trivial connection. Note, that this is the idea behind the gauge-theoretic version of Casson's invariant for 
homology 3-spheres by Taubes [68] and its generalizations. This turned out to be the perfect approach 
for the Casson invariant, because we needed an integer-valued analogue to the signature. The case of 
the Witten-Reshetikhin-Turaev invariants allows for an alternative approach. 
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We can consider the ^-invariant defined in (|6.1|) as a generalized signature. This has the immediate 



merit of being defined for every connection, but it is metric-dependent and not necessarily an integer. 



Since the p-invariant defined in ( |6.3| ) is independent of the metric, we will choose it as a generalized 
signature, keeping in mind that we introduced rj(De). By following the arguments in ll75ll . r](Dg) can be 
altered into a prefactor, which is a topological invariant of a framed, oriented manifold. It was observed 
in lf36l that this prefactor vanishes for the (canonical) Atiyah 2-framing. For further details we refer to 
11751 Section 2] and (36l Section 1]. 

It has been mentioned by Jeffrey B9l Section 5.2.2] that Reidemeister torsion can be used as a 
density, thereby extending the above use of Reidemeister torsion in the formal application of the sta- 
tionary phase method to degenerate critical points. We need this idea to allow for critical components 
of positive dimension. To this end we identify T A M(X) with H l {X, d A ) and H 2 (X, d A ) with (H l (X, d A ))* 
using Poincare duality. Note that Poincare duality depends on a choice of inner product on g, which 
is possibly a multiple of our original choice of inner product on g. Furthermore, we need to choose 
a suitable volume form or density on H°(X,d A ) and (H 3 (X,d A ))*, for example we might take the one 
induced by the inner product on g as suggested in [49, Section 5.2.2] or further normalized as suggested 
on HI page 284]. 

Since we allow higher-dimensional components in the moduli space of flat connections and the 



stationary phase approximation in finite dimensions ( |A.1| ) includes the factor k 2 , we have to shift 
our result by the factor k dc , where d c is half the real dimension of the critical component M(X) C minus 
the dimension of the stabilizer of some generic [A] € M c under Q. Since the tangent space to the 
stabilizer is isomorphic to H°(X, d A ), we expect 



d c = - max (dim(H l (X, d A )) - dim(//°(Z, d A ))) , 



2 AeM(X) c 

which is also known as the growth rate conjecture (see [6, Lemma 7.2] for evidence). By the same 
argument we may like to introduce the factor W . For similar reasons Rozansky [64, Equation (2.33)] 

includes such a factor. We will simply set every factor of the form K c for a constant K > to 1 , because 
a change of normalization for Poincare duality (used to treat Reidemeister torsion as a density) by a 
factor K results in the factor K~ dc in the stationary phase approximation. The other factors, which only 
depend on n and the dimension of G, we need to omit, because both Jl and Q are infinite-dimensional. 
If we therefore replace the Signature of the Hessian by the p-invariant ( |6.3[ ), replace the rest via 
Equation ( |A.4| > and normalize Poincare duality appropriately (independently of X and G), the following 



conjecture is justified. 

Conjecture A.l. Let G be a simple, simply-connected, compact Lie group. Let X be a closed 3— 
manifold and C the set of all connected components of A\{X). Then, in the Atiyah 2— framing, the 
leading order asymptotic behavior ofZ G \X) in the limit k — > 00 is given by 

(A .5) z ?(^Zr^ f V^^' CS * (A) ^ ( ^- 



Theorem [84] immediately yields the more familiar version ( |1.2[ ) of ( |A.5| > stated in the introduction 



Observe that the Chern-Simons invariant is constant on connected components of flat connections, we 
could therefore put it in front of the integral. On reducible subsets it will be necessary to interpret these 
conjectures in a suitable way, however we do not consider the reducible case in this paper. 
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B Review of the Lefschetz-Riemann-Roch theorem for singular varieties. 

We shall very quickly review the Lefschetz-Riemann-Roch theorem for singular varieties due to P. 
Baum, W Fulton, R. MacPherson and G. Quart (see [20] for a proof of the Riemann-Roch theorem and 
the general theory and [21 ] for a proof of the Lefschetz-Riemann-Roch theorem.) We will only state 
their theorems in the generalities we need. 

Let X be a complex quasi-projective algebraic variety. Consider the Grothendieck group K°. (X) of 

alg 

algebraic vector bundles (i.e. locally free sheaves) on X. This is a ring-valued contravariant functor. 
Let Kq g (X) be the Grothendieck group of coherent sheaves of Ox modules on X. This is a covariant 
functor for proper morphism: If / : X — > Y is a proper morphism, then 

/, : K*\X) -> < lg (F), 



is defined by setting f t [T] = ^(-IflR 1 f*T] 

nop 



For a topological space X one considers the Grothendieck group K® (X) of topological vector 



bundles on X, so K® (X) is a ring-valued contravariant functor. Let K^ P (X) be the Grothendieck group 
of complexes of vector bundles on C N exact off X for some closed embedding of X in C N . (One is 
making Alexander duality a definition here.) 

For any complex algebraic variety X there is a natural ring homomorphism 

a': K^ S (X) -> <, p (X), 

which is a natural transformation of contravariant functors. Suppose X is a closed algebraic subset of a 
variety Y. Let K^ g (Y) be the Grothendieck group of complexes of algebraic vector bundles on Y which 
are exact off X. There is a natural homology map 

h: Kp(Y)^K* g (X), 

given by __ 

h([E.]) = Y u (-mH i (E.)] 

where the Hj(E,) are the homology sheaves of the complex E, of locally free sheaves on Y. The map 
h is an isomorphism. (See [20, Appendix 2].) Suppose X is a closed subspace of Y, where Y is a 
C M -manifold. When we have a closed embedding of C°°-manifolds Y <—> C N and the normal bundle of 
Y in C N has a complex structure, we get the Thom-Gysin isomorphism 

h: 4° P (F) -> K l ° p (C N ) = < P (X). 

Again for any closed subset X of an algebraic variety Y we have homomorphism of abelian groups 
a* : ^ lg (F) -> ^ op (y). We shall now describe th« 
Roch theorem in [20]. There is a homomorphism 



a' : K & x g {Y) — > K° V {Y). We shall now describe the key construction in the formulation of the Riemann 



a. : K*\X) -» < P (X) 

of abelian groups, which is covariant for proper morphisms defined the following way: Choose an 
embedding of X in a nonsingular variety Y, then a, is the composition 

a. : K* l \X) "-1 Kf{Y) £ K^{Y) A K^{X). 
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With this setup at hand the main theorem in [20] is stated. (See [20, pages 174-75].) We are however 
only interested in the weaker version of this theorem where topological K-theory is replaces by ordinary 
homology theory with rational coefficients. Let H'(X) be ordinary singular cohomology with rational 
coefficients. If X is closed in Y, let H' X (Y) = H*(Y, Y - X). Again, we use the Alexander duality to 
define the homology groups 

Hi(X) = Hf-\C N ). 

Let Ch*: K° op (X) -> H'(X) be the usual Chern character and let Ch* : K l ° p (Y) -> #*(F) be 
the canonical extension of the Chern character. We can define the homological Chern character by 
embedding X in some C N and then define Ch. to be the composition 

Ch. : 4 op (X) = ^(C") ^ H X (C N ) = H.(X). 

We shall also use the notation Ch* for the composition Ch* a' : K®. — > H* and we define t. = 

Ch. a, : K^ g — > H, . The Riemann-Roch theorem for singular varieties can now be formulated as 
follows. 

Theorem B.l ((201 page 180]). The mapping 

r.: K^(X)^H.(X) 

is covariant for proper morphisms, compatible with cap products, cartesian products and restrictions 
to open subvarieties. IfX is non-singular 

T.[O x ]=Td(T x )n[X]. 

We remark that for a projective variety 

t.[O x ] = [X] 

modulo lover degree terms. This follows from the lemma on page 129 of [19] and part (6) of the 
Riemann-Roch Theorem of ||39l . 

Let us now press on with the Lefschetz-Riemann-Roch theorem. An equivariant variety X will be 
defined to be a quasi -projective algebraic variety with an automorphism x : X — > X, such that x m = Id. 
The fixed point subvariety we will denote |X|. We will for the rest of this section assume that the 
varieties we are considering are equivariant, unless otherwise stated. 

An equivariant sheaf on X is a coherent sheaf T of O x modules together with a homomorphism of 
sheaves 

<p r : x*r^r. 

Let K^ q (X) be the Grothendieck group of all equivariant sheaves on X and let K®(X) be the Grothendieck 
group of all equivariant locally free sheaves on X. 

If the automorphism x is the identity, then any equivariant sheaf f on X breaks up into a finite 
direct sum of sheaves T a , a € C, where T a is the generalized a-eigen-sheaf for cp<f. This gives maps 

(B.l) K° eq (X) -» £° g (X) ® Z[C] -» K^ g (X) ® C 

and 

(B.2) K e Q q (X) -* ^ lg (X) ® Z[C] -> K* lg (X) ® C, 
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by mapping [f] to YXFa\ ® a followed by the natural trace map tr: Z[C] — > C. In particular, if we 
in the general case compose the homomorphism in ( |B.1| ) with the homomorphism coming from the 



inclusion map |X| '-* X, we get a natural homomorphism 

L': K° eq (X)^K Q alg (\X\)®C. 

If V is a component of |X| and X is non-singular in a neighborhood of V, then V is also non- 
singular, and the conormal sheaf N to V in X is an equivariant locally free sheaf on V. Then A-i(N) = 
Z(-1)'[AW] determines an element in KL (V), which in turn under ( |B.1[ ) maps to the element, say 

A^XeK^vC. 

This element is clearly invertible in K*\ (V) ® C. 

In order to state the Lefschetz-Riemann-Roch theorem, we need to discuss relative equivariant K- 
theory. Let X be a closed equivariant subvariety of Y. Define K^(Y) to be the Grothendieck group 
of equivariant complexes on Y which are exact off X. Suppose now that Y is non-singular and that 
j: X — > Y is the inclusion map and that |X| is projective. We have the homology isomorphism 

h: K eq (Y) ^ K^ q (X) 

defined the same way as in the non-equivariant case. We also define the modified homology map 

h: iQ|r|)®C->tfJ B (|X|)®C 

by the formula 

There is a natural homomorphism (in the case |X| is projective) 

L: K e x \Y)^K^(\Y\)®C 

for X closed in Y, given by the pull-back homomorphism induced by the inclusion of |F| in Y. Now 
define a homomorphism 

L.: ^ q (X)^< g (|X|)®C 
to be the composition 

U : K e \X) K K^iY) h ZgjaiT) fii C i < g (|X|) 9 C 

for some closed embedding of X in a non-singular Y. 

The Lefschetz-Riemann-Roch theorem for singular varieties can now be stated as follows. 

Theorem B.2 (Baum, Fulton & Quart). The homomorphism 

U: ^ q (X)^/: o alg (|X|)®C 

is independent of the embedding ofX in a non-singular Y and is compatible with cap-products, carte- 
sian products, restrictions to open equivariant sub-varieties. Moreover L. is covariant for proper 
morphisms and ifX is non-singular around a component V of\X\, then 



L v .[Ox\ = O^iX)" 1 n [O v ] € K°, (V) ® C 



algV 
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Suppose now that X is an equivariant projective algebraic variety and that £ is an equivariant locally 
free sheaf on X. By pushing forward to a point and combining the two theorems above we get the 
following Lefschetz-Riemann-Roch formula due to Baum, Fulton, MacPherson and Quart 

2(-l) ! 'tr(x: H\X,S) -> H\X,S)) = Ch*(L*(fi)) n t.L.{O x ). 

Here n : H,(\X\, C) ® H'(\X\, C) —* C is the cap product pairing between cohomology and homology. 
Let C be the finite set which indexes connected components of \X\, i.e. 

\x\ = y \x\ c . 

ceC 

Denote dim |X| C = n c . Suppose furthermore that £ = jj 1 where £ is an equivariant line bundle over X. 
Say c\{£) = a and denote a|pt| c = a c . Let a c € C be such that 

Ch'(L'(£ k )) = exp(ka c ) ® a k c . 

The Lefschetz-Riemann-Roch formula then reads 

£(-!)' tr(x: H\X,£ k ) -» H\X,£ k )) = J]a*exp(to c ) n t.(L^(Ox)) 

ceC 

( "'' 1 

^Z a " Z M (ac), " nT '" (L « (0z)) * i 

ceC V(=0 '' 
If |X| C is contained in the non-singular part of X, we get that 

exp(to t .) n r.(LS(0x)) - exp(ka c ) n Ch'^jX)" 1 n r.([O m J) 

- (exp(to c ) u Ch'Ci^X)- 1 u Td(T lxlc )) n [|X| C ]. 

References 

[1] JE Andersen, The asymptotic expansion conjecture, from: "Section 7.2 of "Problems on invari- 
ants of knots and 3-manifolds" edited by Ohtsuki, T., "Invariants of knots and 3-manifolds (Kyoto, 
2001)"", Geom. Topol. Monogr. 4, Geom. Topol. Publ., Coventry (2002) i-iv, 377-572 

[2] J E Andersen, Deformation quantization and geometric quantization of abelian moduli spaces, 
Comm. Math. Phys. 255 (2005) 727-745 



[3] JE Andersen, Asymptotic faithfulness of the quantum SU(«) representations of the mapping class 



groups, Ann. of Math. (2) 163 (2006) 347-368 



[4] JE Andersen, The Nielsen-Thurston classification of mapping classes is determined by TQFT, J. 
Math. Kyoto Univ. 48 (2008) 323-338 



[5] J E Andersen, Hitchin 's connection, Toeplitz operators and symmetry invariant deformation quan- 



tization, arXiv:math/0611126v2 [math.DG]. To appear in Quantum Topol. (2012) pp. 35 



[6] JE Andersen, The Witten-Reshetikhin-Turaev invariants of finite order mapping tori I 



arXiv:1104.5576vl [math.QA]. To appear in J. Reine Angew. Math. (2012) 

31 



[7] JE Andersen, NL Gammelgaard, Hitchin's Projectively Flat Connection, Toeplitz Operators 
and the Asymptotic Expansion ofTQFT Curve Operators, from: "Grassmannians, Moduli Spaces 
and Vector Bundles", Editors: David A. Ellwood, Emma Previato and Montserrat Teixidor-i-Bigas 
14, arXiv:0903.4091vl [math.DG]. Clay Mathematics Proceedings ((2011)) 1-24 

[8] JE Andersen, SK Hansen, Asymptotics of the quantum invariants for surgeries on the figure 8 
knot, J. Knot Theory Ramifications 15 (2006) 479-548 

[9] JE Andersen, G Masbaum, K Ueno, Topological quantum field theory and the Nielsen-Thurston 
classification o/M(0,4), Math. Proc. Cambridge Philos. Soc. 141 (2006) 477-488 

[10] JE Andersen, K Ueno, Abelian conformal field theory and determinant bundles, Internat. J. 
Math. 18 (2007) 919-993 

[11] J E Andersen, K Ueno, Geometric construction of modular functors from conformal field theory, 
J. Knot Theory Ramifications 16 (2007) 127-202 



[12] JE Andersen, K Ueno, Construction of the Reshetikhin-Turaev TQFTfrom conformal field the- 



ory arXiv:1110.5027vl [math.QA] (2012) 



[13] JE Andersen, K Ueno, Modular functors are determined by their genus zero data 



arXiv:math/0611087vl [math.QA]. To appear in Quantum Topol. (2012) 

[14] MF Atiyah, VK Patodi, IM Singer, Spectral asymmetry and Riemannian geometry. II, Math. 
Proc. Cambridge Philos. Soc. 78 (1975) 405-432 

[15] M Atiyah, \Onframings of 3-manifolds\ Topology 29 (1990) 1-7 

[16] S Axelrod, Overview and warmup example for perturbation theory with instantons, from: "Ge- 
ometry and physics (Aarhus, 1995)", Lecture Notes in Pure and Appl. Math. 184, Dekker, New York 
(1997) 321-338 

[17] S Axelrod, IM Singer, Chern-Simons perturbation theory, from: "Proceedings of the XXth 
International Conference on Differential Geometric Methods in Theoretical Physics, Vol. 1, 2 (New 
York, 1991)" (1992), World Sci. Publ., River Edge, NJ 3-45 

[18] S Axelrod, IM Singer, Chern-Simons perturbation theory. II, J. Differential Geom. 39 (1994) 
173-213 

[19] P Baum, W Fulton, R MacPherson, Riemann-Roch for singular varieties, Inst. Hautes Etudes 
Sci. Publ. Math. (1975) 101-145 



[20] P Baum, W Fulton, R MacPherson, Riemann-Roch and topological K theory for singular vari- 
eties] Acta Math. 143 (1979) 155-192 



[21] P Baum, W Fulton, G Quart, Lefschetz-Riemann-Roch for singular varieties Acta Math. 143 
(1979) 193-211 



[22] C Beasley, E Witten, Non-abelian localization for Chern-Simons theory, J. Differential Geom. 
70 (2005) 183-323 



32 



[23] C Blanchet, N Habegger, G Masbaum, P Vogel, Three-manif old invariants derived from the 
Kauffman bracket, Topology 31 (1992) 685-699 



[24] C Blanchet, N Habegger, G Masbaum, P Vogel, Topological quantum field theories derived 
from the Kauffman bracket, Topology 34 (1995) 883-927 



[25] M Bohn, On Rho invariants of fiber bundles Thesis, University of Bonn, arXiv:0907.3530vl 



[math.GT] (2009) 
[26] L Charles, Asymptotic properties of the quantum representations of the mapping class group 



arXiv:1005.3452v2 [math.GT] (2010) 



[27] L Charles, Knot state asymptotics I, AJ Conjecture and abelian representations 
arXiv:1107.4692vl [math.GT] (2011) 



[28] L Charles, J Marche, Knot state asymptotics I, AJ Conjecture and abelian representations 



arXiv:1107.1645vl [math.GT] (2011) 



[29] L Charles, J Marche, Knot state asymptotics 11, Witten conjecture and irreducible representa- 
tions, arXiv: 1107.1 646 vl [math.GT] (2011) 



[30] L Charles, J Marche, Toeplitz operators in TQFTvia skein theory arXiv: 1 108.0629v2 [math-ph] 
(2011) 



[31] J Dubois, Non abelian twisted Reidemeist er torsio n for fibered knots, Canad. Math. Bull. 49 
(2006) 55-71 

[32] A Fel'shtyn, Dynamical zeta functions, Nielsen theory and Reidemeister torsion, Mem. Amer. 
Math. Soc. 147 (2000) xii+146 

[33] D S Freed, ^thegeometry of loop groups , J. Differential Geom. 28 (1988) 223-276 



[34] D S Freed, Reidemeister torsion, spectral sequences, and Brieskorn spheres J. Reine Angew. 
Math. 429 (1992) 75-89 

[35] D S Freed, Classical Chern-Simons theory. I, Adv. Math. 1 13 (1995) 237-303 

[36] DS Freed, RE Gompf, Computer calculation of Witten 's 3-manifold invariant, Comm. Math. 
Phys. 141(1991)79-117 

[37] D Fried, Homologica l identities for closed orbitsj Invent. Math. 71 (1983) 419-442 

[38] J Fuchs, Affine Lie algebras and quantum groups, Cambridge Monographs on Mathematical 
Physics, Cambridge University Press, Cambridge (1995)An introduction, with applications in con- 
formal field theory, Corrected reprint of the 1992 original 



[39] W Fulton, H Gillet, Riemann-Roch for general algebraic varieties, Bull. Soc. Math. France 111 
(1983) 287-300 

[40] S Garoufalidis, Relations among 3-manifold invariants, ProQuest LLC, Ann Arbor, MI 
(1992)Thesis (Ph.D.)-The University of Chicago 



33 



[41] WM Goldman, Topological components of spaces of representations, Invent. Math. 93 (1988) 
557-607 

[42] S K Hansen, Reshetikhin-Turaev invariants ofSeifert 3-manifolds and a rational surgery formula, 
Algebr. Geom. Topol. 1 (2001) 627-686 (electronic) 



[43] S K Hansen, Analytic asymptotic expansions of the Reshetikhin-Turaev invariants of Seifert 3- 



manifolds for SU(2), arXiv:math/0510549vl [math.QA] (2005) 

[44] S K Hansen, T Takata, Quantum invariants of Seifert 3-manifolds and their asymptotic expan- 
sions, from: "Invariants of knots and 3-manifolds (Kyoto, 2001)", Geom. Topol. Monogr. 4, Geom. 
Topol. Publ., Coventry (2002) 69-87 (electronic) 

[45] S K Hansen, T Takata, Reshetikhin-Turaev invariants ofSeifert 3-manifolds for classical simple 
Lie algebras, J. Knot Theory Ramifications 13 (2004) 617-668 



[46] B Himpel, A splitting formula for the spectral flow of the odd signature operator on 3-manifolds 



coupled to a path of "SU(2) connections Geom. Topol. 9 (2005) 2261-2302 



[47] K H Hofmann, S A Morris, The structure of compact groups, volume 25 of de Gruyter Studies in 
Mathematics, augmented edition, Walter de Gruyter & Co., Berlin (2006)A primer for the student — a 
handbook for the expert 

[48] L Jeffrey, B McLellan, Nonabelian localization for U(l) Chern-Simons theory, from: "Geomet- 
ric aspects of analysis and mechanics", Progr. Math. 292, Birkhauser/Springer, New York (2011) 
199-212 



[49] L C Jeffrey, Chern-Simons-Witten invariants of lens spaces and torus bundles, and the semiclas- 
sical approximation , Comm. Math. Phys. 147 (1992) 563-604 

[50] P Kirk, E Klassen, Computing spectral flow via cup products, J. Differential Geom. 40 (1994) 
505-562 



[51] P Kirk, E Klassen, D Ruberman, Splitting the spectral flow and the Alexander matrix, Comment. 
Math. Helv. 69 (1994) 375-416 



[52] R Lawrence, L Rozansky, Witten-Reshetikhin-Turaev invariants of Seifert manifolds, Comm. 
Math. Phys. 205 (1999) 287-314 

[53] R Lawrence, D Zagier, Modular forms and quantum invariants of 3-manifolds, Asian J. Math. 3 
(1999) 93-107Sir Michael Atiyah: a great mathematician of the twentieth century 



[54] M Marino, Chern-Simons theory, matrix integrals, and perturbative three-manifold invariants 
Comm. Math. Phys. 253 (2005) 25^9 

[55] B McLellan, Non-Abelian Localization and U(l) Chern-Simons Theory (2010)Thesis (Ph.D.)- 
University of Toronto 

[56] J Milnor, Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966) 358-426 

[57] L I Nicolaescu, The Reidemeister torsion of 3-manifolds, volume 30 of de Gruyter Studies in 
Mathematics, Walter de Gruyter & Co., Berlin (2003) 

34 



[58] H Nishi, SU (n)-Chern-Simons invariants of Seifert fibered 3-manifolds , Internat. J. Math. 9 (1998) 
295-330 



[59] N Reshetikhin, Lectures on quantization of gauge systems, from: "Proceedings of the Summer 
School "New paths towards quantum gravity", Holbaek, Denmark", Lecture Notes in Physics 807, 
Springer, Berlin (2010) 3-58 

[60] N Reshetikhin, V G Turaev, Invariants of 3-manifolds via link polynomials and quantum groups, 
Invent. Math. 103 (1991) 547-597 

[61] NY Reshetikhin, V G Turaev, Ribbon graphs and their invariants derived from quantum groups, 
Comm. Math. Phys. 127 (1990) 1-26 



[62] N Reshetikhin, Topological quantum field theory: 20 years later from: "European Congress of 



Mathematics", Eur. Math. Soc, Zurich (2010) 333-377 



[63] L Rozansky, A large k asymptotics ofWitten's invariant of Seifert manifolds, Comm. Math. Phys. 



171 (1995) 279-322 



[64] L Rozansky, Witten 's invariant of3-dimensional manifolds: loop expansion and surgery calculus 



from: "Knots and applications", Ser. Knots Everything 6, World Sci. Publ., River Edge, NJ (1995) 
271-299 



[65] L Rozansky, Residue formulas for the large k asymptotics ofWitten's invariants of Seifert mani- 



folds. Th e case ofS\J(2J\ Comm. Math. Phys. 178 (1996) 27-60 

[66] J Sawon, Perturbativ e expansion of C hern-Simons theory, from: "The interaction of finite-type 
and Gromov- Witten invariants (BIRS 2003)", Geom. Topol. Monogr. 8, Geom. Topol. Publ., Coven- 
try (2006) 145-166 

[67] E H Spanier, Algebraic topology, Springer- Verlag, New York (1981)Corrected reprint 

[68] C H Taubes, Casson's invariant and gauge theory, J. Differential Geom. 31 (1990) 547-599 



[69] V Turaev, H Wenzl, Quantum invariants of 3-manifolds associated with classical simple Lie 



algebras, Internat. J. Math. 4 (1993) 323-358 



[70] V Turaev, Torsions of 3-dimensional manifolds, volume 208 of Progress in Mathematics, 
Birkhauser Verlag, Basel (2002) 



[71] V Turaev, H Wenzl, Semisimple and modular categories from link invariants, Math. Ann. 309 
(1997)411^161 

[72] V G Turaev, Quantum invariants of knots and 3-manifolds, volume 18 of de Gruyter Studies in 
Mathematics, revised edition, Walter de Gruyter & Co., Berlin (2010) 



[73] K Walker, \On Wittens 3-manifold Invariants] http://tqft.net/other- 



papers/Kevin Walker TQFTNotes.pdf (1991 )Preliminary version #2 

[74] H-C Wang, The homology groups of the fibre bundles over a sphere, Duke Math. J. 16 (1949) 
33-38 



35 



[75] E Witten, Quantum field theory and the Jones polynomial, Comm. Math. Phys. 121 (1989) 351- 
399 



[76] E Witten, On quantum gauge theories in two dimensions Comm. Math. Phys. 141 (1991) 153- 
209 



36 



